Abstract. This paper considers the existence of conformally compact Einstein metrics on 4-manifolds. A reasonably complete understanding is obtained for the existence of such metrics with prescribed conformal infinity, when the conformal infinity is of positive scalar curvature. We find in particular that general solvability depends on the topology of the filling manifold. The obstruction to extending these results to arbitrary boundary values is also identified. While most of the paper concerns dimension 4, some general results on the structure of the space of such metrics hold in all dimensions.
The main result of the paper which is used to approach the existence question is the following. Let C o be the space of non-negative conformal classes [γ] on ∂M, in the sense that [γ] has a nonflat representative γ of non-negative scalar curvature. Let E o AH = Π −1 (C o ) be the space of AH Einstein metrics on M with conformal infinity in C o . Thus, one has the restricted boundary map Π o = Π| E o AH : E o AH → C o . Theorem A. Let M be a 4-manifold for which the inclusion ι : ∂M →M induces a surjection
(0.4)
Then for any (m, α), m ≥ 6, the boundary map
is proper.
Unfortunately (or fortunately), the boundary map Π is not proper in general. In fact, a sequence of distinct AH Einstein metrics {g i } on M = R 2 ×T 2 was constructed in [6] , whose conformal infinity is an arbitrary fixed flat metric on ∂M = T 3 , but which has no convergent subsequence to an AH Einstein metric on M . These metrics are twisted versions of the AdS T 2 black hole metrics, cf. (2.24) below. The sequence {g i } converges, (in a natural sense), to a complete hyperbolic cusp metric
2 + e 2r g T 3 (0. 6) on the manifold N = R×T 3 . Since the boundary metric on T 3 is flat and M satisfies (0.4), Theorem A is sharp, at least without further restrictions. We will show in Theorem 4.8 that this behavior is the only way that Π is non-proper, in that divergent sequences {g i } of AH Einstein metrics on a fixed 4-manifold M and with a fixed conformal infinity, (or a convergent sequence of conformal infinities), necessarily converge to AH Einstein manifolds (N, g) with cusps, (although the cusps are not necessarily of the simple form (0.6)). Thus, the completionĒ AH of E AH in a natural topology consists of AH Einstein metrics on M , together with AH Einstein metrics with cusps, cf. Theorem 4.8 and Corollary 4.9 for further details. Using this, we show in Corollary 4.10 that the boundary map Π is proper onto the subsetĈ of C consisting of conformal classes which are not the boundary metrics of AH Einstein metrics with cusps.
The topological condition (0.4) is used solely to rule out orbifold degenerations of AH Einstein sequences {g i }. This condition is probably not necessary, but it has been included in order to not overly complicate the paper; some situations where it is not needed are described in §6, cf. Remark 6.4.
The infinite sequence of AH Einstein metrics g i on R 2 × T 2 above all lie in distinct components of the space E AH , so that this space has infinitely many components. On the other hand, the fact that Π o is proper of course implies that E o AH has only finitely many components mapping into any compact region of C o .
Theorem A implies that at least on E o AH , the map Π o is a proper Fredholm map of index 0. It follows from a result of Smale [31] that Π o has a well-defined mod 2 degree, deg 2 Π o ∈ Z 2 , on each component of E o AH . In fact, building on the work of Tromba [32] and White [33] , [34] we show in Theorem 5.1 that Π o has a Z-valued degree
again on components of E o AH . Tautologically, if degΠ o = 0, then Π o is surjective. We compute degΠ o in certain cases via symmetry arguments. Namely, it is proved in Theorem 2.2 that any connected group of conformal isometries of the conformal infinity [γ] on ∂M extends to a group of isometries of any AH Einstein filling metric (M, g), with Π[g] = [γ], in any dimension. Using this, and a straightforward classification of Einstein metrics with large symmetry groups leads to the following result. Explicit examples of AH Einstein metrics on B 4 , whose the conformal infinity is an arbitrary Berger sphere, were constructed by Pedersen [29] . More generally, Hitchin [25] has constructed such metrics with conformal infinity an arbitrary left-invariant metric on S 3 .
It remains an open question whether the boundary map Π is surjective onto all of C when M = B 4 . Based on reasoning from the AdS/CFT correspondence, Witten [36] has remarked that this may not be the case. It appears that physically, the natural class of boundary metrics are those of positive scalar curvature; in this regard, see also the work of Witten-Yau [35] proving that ∂M is necessarily connected when the conformal infinity has a component of positive scalar curvature. In any case, as remarked above in connection with Theorem 4.8, the only obstruction to surjectivity is the possible existence of AH Einstein cusp metrics associated to B 4 , cf. also Remark 6.7.
Theorem B also holds when M is a disc bundle over S 2 , so that ∂M = S 3 /Z k , provided k ≥ 2, with again C o the component containing the standard round metric on S 3 /Z k , cf. Proposition 6.6. However, for M = S 2 × R 2 , it is shown in Proposition 6.2, that 9) and further that Π o is not surjective onto C o . In fact, the conformal class of S 2 (1) × S 1 (L), for any L > 2π/ √ 3 is not the boundary metric of any AH Einstein metric on S 2 × R 2 . This result is based on the work of Hawking-Page [23] on the AdS-Schwarzschild metric. Similarly, for M the degree 1 disc bundle over S 2 , i.e. M = CP 2 \ B 4 , (0.9) holds and Π o is not surjective. These results for Π o on disc bundles use properties of the AdS-Taub Bolt metrics analysed in [24] , [28] . These results and others on deg Π o are given in §6.
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Background Results
In this section, we discuss a number of background results from [6] - [7] , [11] [18] , [21] needed for the work to follow.
We begin with the structure of the moduli space E m,α AH of C m,α conformally compact Einstein metrics on a given manifold M . The results discussed below are from [7] .
Let E m,α AH be the space of AH Einstein metrics on M which have a C m,α conformal compactification with respect to a smooth (or C ω ) defining function ρ, as in (0.1). The space E m,α AH is given the C m,α ′ topology on the space of C m,α metrics M et m,α (M ) onM , for some α ′ < α. Thus, a neighborhood of g ∈ E m,α AH is defined to be the set of metrics g AH is an equivalence class of a C m,α conformally compact Einstein metric g on M , where g ∼ g ′ if g ′ = φ * g, with φ a C m+1,α diffeomorphism ofM , equal to the identity on ∂M , i.e. φ ∈ D is well defined. When there is no danger of confusion, we will usually work with any given representative g ∈ [g] and γ ∈ [γ].
If dimM = n + 1 = 4, and E m,α AH is non-empty, then E m,α AH is a C ∞ infinite dimensional separable Banach manifold, and the boundary map Π is a C ∞ smooth map of Banach manifolds, of Fredholm index 0. This result holds for any m ≥ 6, and α ∈ (0, 1), including m = ∞ and m = ω, (i.e. the real-analytic case). Implicit in this statement is a boundary regularity result that an AH Einstein metric with a C 2 conformal compactification which has a C m,α boundary metric, m ≥ 2, has a C m,α conformal compactification.
In addition, the spaces E where the completion is taken in the C m,α ′ topology.
If dimM = n + 1 > 4, then these results hold when 2 ≤ m ≤ n − 1, using the boundary regularity results in [27] . In addition, the smooth manifold result holds when m = ∞, if, when n is even, E ∞ AH is understood to be the space of AH Einstein metrics which are C ∞ polyhomogeneous; this uses the recent boundary regularity result of [15] , cf. also the discussion following (1.16).
Let S m,α (M ) denote the space of C m,α symmetric bilinear forms onM , and similarly for M and ∂M . A tangent vector h to the Banach manifold E m,α AH at a representative g ∈ [g], i.e. an infinitesimal Einstein deformation of g, is a form h ∈ S m,α (M ) satisfying the equation
where R is the action of the curvature tensor of g on symmetric bilinear forms and β g = δ g + AH → T Π(g) C m,α . Hence, g is non-degenerate if and only if g is a regular point of the boundary map Π and thus Π is a local diffeomorphism near g. Any element κ ∈ K is transverse-traceless, i.e. tr g κ = δ g κ = 0, and so satisfies the Bianchi gauge condition (1.4).
In the next sections, we will frequently consider compactificationsḡ of g by a geodesic defining function t, for which
(1.6)
A compactificationḡ = t 2 · g satisfying (1.6) is called a geodesic compactification and t is a geodesic defining function. Such compactifications are natural from a number of viewpoints. In particular the curvature ofḡ has a particularly simple form; this and related issues are discussed in the the Appendix. It is not difficult to see that given a C 2 conformally compact Einstein metric g with boundary metric γ in some compactification, there is a unique geodesic compactificationḡ of g with boundary metric γ. Further, if γ is C m,α , m ≥ 3, then the geodesic compactificationḡ is C m−1,α off the cutlocusC of ∂M in (M,ḡ). Since the integral curves of∇t are geodesics, the metricḡ splits as
within a collar neighborhood U (inside the cutlocus) of ∂M ; here g t is a curve of metrics on the boundary ∂M with g o = γ. Setting r = − log t, a simple calculation shows that the integral curves of ∇r are also geodesics in (M, g) and so the metric g also splits as g = dr 2 + g r .
5
Let g be an AH Einstein metric on a 4-manifold M , with boundary metric γ with respect to a C m,α compactification, m ≥ 4. Letḡ = t 2 g be the C m−1,α geodesic compactification determined by γ. The Fefferman-Graham expansion [18] is the expansion of the curve g t in a Taylor series:
The coefficients are defined by
where L (j) is the j-fold Lie derivative. Note that these terms depend on the choice of the boundary metric γ ∈ [γ], and so are well-defined for g ∈ E m,α
AH . Observe also that although the expression (1.8) gives symmetric bilinear forms on T M | ∂M , the vector∇t ∈ Kerg (j) for all j and so g (j) is uniquely determined by its restriction to T (∂M ).
The term g (0) = γ, while the term g (1) , equal to the 2 nd fundamental form A of ∂M in (M,ḡ), vanishes. The term g (2) is given by 10) while the g (3) term satisfies
i.e. g (3) is transverse-traceless with respect to γ. However, beyond (1.11), g (3) is not determined by the boundary metric γ. Thus, although g (3) ∈ S m−2,α (∂M ) lives on ∂M , it is not determined by γ, as is the case with g (0) -g (2) ; it depends on the Einstein filling metric g. A computation, cf [5] , shows that 12) where N is the unit normal of ∂M in (M ,ḡ). On the other hand, the terms g (0) and g (3) determine all higher order terms in the FG expansion; in fact, g (k) depends on two tangential derivatives of
This is related to the following uniqueness result from [7] : Proposition 1.1. Suppose dim M = 4 and g ∈ E ω AH . Then the data (γ, g (3) ) on ∂M uniquely determine g ∈ E ω AH up to local isometry. Thus, if if g 1 , g 2 ∈ E ω AH are two AH Einstein metrics on manifolds M 1 and M 2 , with ∂M 1 = ∂M 2 = ∂M such that, w.r.t. the geodesic compactifications (2.7), 13) then g 1 and g 2 are locally isometric and the manifolds M 1 and M 2 have a diffeomorphic universal cover M . In particular, if
It follows in particular that the metrics g 1 and g 2 are isometric in a neighborhood of ∂M . We point out that this result also holds locally, in that (1.13) need only hold on an open set in ∂M .
We close with a brief discussion of the Fefferman-Graham expansion in higher dimensions, cf. [18] , [17] , [30] . If dimM = n + 1 is even, then the expansion (1.8) reads 14) where the expansion is in even powers of t up to order n − 1 and the terms g (2k) are intrinsically determined by the boundary metric γ = g (0) and its tangential derivatives up to order 2k, for 2k ≤ n−1. The term g (n) is transverse-traceless; however, beyond this, g (n) is not locally determined 6 by γ; it depends on global properties of the Einstein metric (M, g). The higher terms g (k) , k > n depend on two derivatives of g (k−2) . As it stands, the expansion (1.14) is formal. If (M, g) has a C m,α geodesic compactification, then the formal expression (1.14) may be replaced by the statement 15) for t sufficiently small. If dimM = n + 1 is even, then the expansion is 16) where again the expansion is even up to order n with coefficients up to order (n − 2) locally determined by γ. The term h, called the obstruction tensor in [18] , is also identified as the stressenergy tensor of the conformal anomaly, cf. [17] , [30] ; it is transverse-traceless and also locally determined by γ. The trace and divergence of g (n) are determined by γ; however, as above, g (n) is otherwise only globally determined by (M, g). The higher order terms in (1.15) contain terms of the form (log t) p . The expansion is even in powers of t, and each coefficient g (k) , k = n, depends on two derivatives of g (k−2) . The boundary regularity result of [15] implies that when the boundary metric γ ∈ C ∞ , then any AH Einstein filling metric (M, g) has a C ∞ geodesic compactification when n is odd, while (M, g) has a C ∞ polyhomogeneous geodesic compactification when n is even. Thus, the terms g (k) and the coefficients of the log terms in (1.14) and (1.16) all exist, and (1.14),(1.16) are well-defined asymptotic series for (M,ḡ). In particular, (1.15) holds for any fixed (m, α) for n odd, while the analogue of (1.15) with suitable log terms introduced holds if n is even.
In both cases, all terms in the expansion are thus determined by the two terms g (0) and g (n) . For transformation formulae for the change of the terms g (k) and h under conformal changes of the boundary metric, see [17] or [30] .
We conclude with some results on the behavior of elements κ in the L 2 kernel K in (1.5). It follows from work of Graham-Lee [21] or Biquard [11] , that for any κ ∈ K,
(1.17) Ifκ = t 2 κ is the compactification of κ, note that |κ|ḡ = |κ| g so thatκ = 0 on ∂M . From [7] , one has the lower bound |κ| ≥ c(x)(t n ), (1.18) for t small, where c(x) is a continuous non-negative function on ∂M , with c(x) > 0 on an open set of full measure in ∂M .
Renormalized Action and Applications.
This section is divided into two subsections. In §2.1 we review relevant aspects of the renormalized action or volume from the AdS/CFT correspondence which will be needed for the work in later sections. In §2.2 we prove that continuous groups of conformal isometries of the conformal infinity extend to isometries of any AH Einstein filling metric, (in any dimension). Two proofs of this result are given, see Theorems 2.2 and 2.3. Although the latter result only holds in dimension 4, the method of proof will be important in the study of the near boundary behavior in §4. These results will also be of importance in the degree computations in §6. §2.1. In this section, we summarize some results from the AdS/CFT correspondence, and results from [5] [6] [7] , needed for later purposes.
To begin, let g be an AH Einstein metric on a 4-manifold M with boundary metric γ ∈ C 4,α , so that the geodesic compactification of g with boundary metric γ is in C 3,α (M ). The expansion (1.8) easily leads to an expansion for the volume of the region B(r) = {x ∈ M : t(x) ≥ e −r }, of the form
cf. [17] , [20] for instance. Although the coefficients v (0) and v (2) in (2.1) depend on the compactificationḡ, the constant term V is independent ofḡ and depends only on (M, g). The term V is the renormalized volume of (M, g), cf. [17] , [35] , and gives a smooth function
More importantly, let I EH be the Einstein-Hilbert action, given by
where Λ is the cosmological constant: in the normalization (0.2), Λ = −3 when n = 3. Einstein metrics, with scalar curvature 4Λ, are critical points of I EH , among variations with compact support. The action I EH is of course infinite, but it may be renormalized, by taking the action over B(r), subtracting the term (s − 2Λ)[v (0) e 3r + v (2) e r ] exactly as in (2.1), and taking the limit r → ∞. This gives the renormalized action I ren EH . This counterterm subtraction method is regularly used in connection with the AdS/CFT correspondence, and is explained in further detail in [17] , [30] . On the space E AH , i.e. on-shell in the physics terminology, one clearly has
In [5] , it is proved that on E AH , V is related to the square of the L 2 norm of the Weyl curvature W of (M, g) in the following simple way:
Hence, it is immediate that V or I ren EH depends only on (M, g) and not on any choice of compactification. Here it should be noted that Einstein metrics are also critical points of W, the square of the L 2 norm of the Weyl curvature. However, they are not critical points of the functional V .
Taking the differential of (2.5) gives 6) where the differentials are viewed as 1-forms on the Banach manifold E AH . Moreover, these differentials are explicitly identified in [5] as
where the inner product and volume form are w.r.t. γ and h (0) = Π * (h) is the induced variation of the boundary metric γ. Equation (2.7) leads to the identification of g (3) with the stress-energy tensor of the boundary CFT, cf. [17] . For later purposes, we need a slight but important extension of (2.7). Thus, given g ∈ E AH , define an enlarged "tangent" space T g E AH as follows: h ∈ T g E AH if h ∈ S m,α (M ) and h is an infinitesimal Einstein deformation to order at least 3 at t = 0; thus,
This implies that the expansion (1.8) holds, to order 3 in t, to 1st order in u. In more detail, consider the curve g u = g + uh. One may choose a curve of diffeomorphisms if necessary so that the geodesic defining function associated to g u is the fixed function t. Thenḡ u has the expansion 9) and h ∈ T g E AH implies in particular that the derivatives d du (g + uh) (i) | u=0 are the linearizations of the expressions (1.10)-(1.11) in the direction h, for i ≤ 3.
Lemma 2.1. At any g ∈ E AH , the equation (2.7) holds for any h ∈ T g E AH .
Proof: This follows directly from the proof of (2.7) in [5] , to which we refer for some further details. First, it is easy to see that W and I ren EH are well-defined, and so finite, for any metric g u as in (2.9) which is Einstein to 3 rd order at ∂M ; see also [5, Remark 1.2] . Further, as noted above, Einstein metrics are critical points of W and I ren EH , and so their derivatives in any direction depend only on the variation of the metric at the boundary. Thus, dW and dI ren EH depend only on the boundary terms g (j) in the Fefferman-Graham expansion (1.8). Since it is exactly the form of these terms which leads to the formula (2.7), and since this form is preserved for the metrics g u , (to 1st order in u), it is essentially clear that (2.7) holds for h ∈ T g E AH . Alternately, this may verified directly by an examination of the proof of (2.7) in [5, Lemma 2.1, Theorem 2.2], with with I EH in place of volume.
The reason this extension of (2.7) is needed is that the induced variation h (0) of the boundary metric γ = g (0) may now be an arbitrary smooth form in S 2 (∂M ); it is no longer required to be tangent to the image of the tangent space T E AH under the map Π * . To see this, choose
One may then define h (2) so that g (2) + uh (2) satisfies (1.10), with g (0) + uh (0) in place of g (0) , to first order in u. Similarly, define h (3) so that g (3) + uh (3) satisfies (1.11), to first order in u. Although (2.7) implies that dV is determined by the behavior at ∂M, so that dV may be considered as a section of T * M et(∂M ), dV is not intrinsically determined by the boundary metric γ. This is related to the non-uniqueness of AH Einstein metrics with a given boundary metric, and is discussed in [23] , [35] , [6] , cf. also §6.
The discussion until (2.4) above on the renormalized action and renormalized volume holds in all dimensions; their definitions are exactly the same as in the 4-dimensional case, using the expansions (1.14) and (1.16) to obtain an expansion to the volumes of balls analogous to (2.1). When dimM = n + 1 is even, the renormalized action or volume is independent of the defining function, and is an intrinsic invariant of (M, g). However, when dimM = n + 1 is odd, the renormalized action or volume depends on the choice of boundary metric γ ∈ [γ].
It is proved in [17] , cf. also [30] , that as a functional on E ∞ AH the differential of the renormalized volume, (or equivalently the renormalized action), is given by 11) where the remainder term r (n) is intrinsically determined by the boundary metric g (0) and c n is a constant depending on n. If n is odd, r n = 0 and this expression is well-defined on E ∞ AH . §2.2. In this subsection, we prove that continuous groups of conformal isometries of the conformal infinity [γ] extend to groups of isometries of any AH Einstein filling metric. Theorem 2.1 proves this result in all dimensions, for C ∞ boundary metrics, while Theorem 2.2 gives another proof, for C ω boundary metrics, in dimension 4. While Theorem 2.3 is thus less general than Theorem 2.2, the method of proof will be important in the proof of Theorem 5.3 below. As a further application of the ideas of this proof, Theorem 2.6 proves that the set of non-degenerate AH Eintein metrics, i.e. regular points of the boundary map Π, is open and dense in E AH , (in any dimension). Theorem 2.2. Let g be an AH Einstein metric on an (n + 1)-manifold M , with C ∞ boundary metric γ, (in some compactification). Then any connected Lie group of conformal isometries of the conformal infinity (∂M, [γ]) extends to an action by isometries on (M, g).
Proof: Letḡ = t 2 g be the geodesic compactification of g with boundary metric γ. By the boundary regularity result of [15] mentioned above,ḡ is C ∞ polyhomogeneous onM . Let φ s be a local 1-parameter group of conformal isometries of γ with φ 0 = id, so that
where λ s is a curve of positive funtions on ∂M with λ 0 = 1. The diffeomorphisms φ s of ∂M may be extended to diffeomorphisms of M , so that the curve
is a smooth curve of AH Einstein metrics on M which have a C ∞ polyhomogeneous expansion at conformal infinity. By construction then,
As discussed in (1.4)-(1.5), one may then alter the diffeomorphisms φ s by composition with diffeomorphisms in D 1 if necessary, so that h = dgs ds ∈ K g , where K g is the L 2 kernel in (1.5). It follows that h = δ * X = κ ∈ K, where X = dφ s /ds, and g s has fixed boundary metric γ. The vector field X is (at least) C 2 smooth onM , with X| ∂M ∈ T (∂M ).
Thus it suffices to prove that δ * X = 0, since this will imply that g s = g. If K g = 0, i.e. if g is a regular point of the boundary map Π, then this is now obvious, and proves the result in this special case; the proof in this case requires only that (M, g) be C 2,α conformally compact. To prove the result in general, we will prove that
where δ * acts on C 2 smooth vector fields X onM , with X| ∂M ∈ T (∂M ). Clearly, (2.13) suffices to prove the result. To begin, since any element κ ∈ K is transverse-traceless, one has δδ * X = 0, and trδ * X = δX = 0. Pairing the first equation with X and integrating by parts over the domain B(ε) = {t ≥ ε} gives 14) where N is the unit outward normal. Thus, it suffices to prove that the boundary integral tends to 0, as t → 0. Note that volS(ε) = O(ε −n ). To leading order, the vector field X is tangential to S(t), for t small, and since X is smooth up to ∂M , |X|ḡ = O(1). Hence |X| g = O(t −1 ). On the other hand, it is not difficult to prove that κ(N, Y ) = O(t n+1 ), where Y is any unit vector field in (M, g) tangent to S(t), cf. [7, (3. 44)] for instance. Putting these facts together shows that the boundary integral in (2.14) is bounded, (as it must be since |κ| = |δ * X| = O(t n ) by (1.17)). However, this argument is not strong enough to prove that the boundary integral converges to 0. To so this, we need to use examine the FG expansion (1.14) and (1.16) in more detail. We first use the equation δX = 0 to show that X is tangential to high order. Using the definition of the divergence and the fact that N is tangent to geodesics, one has
where H is the mean curvature of S(t), δ T is the divergence on S(t) ⊂ (M, g) and X T is the tangential projection of X onto S(t). Note also that H = n + O(t 2 ). Now δ T X T = trδ * T X T , where δ * T is the adjoint of δ T on S(t) and the trace is taken on S(t). Further, on S(t), the metrics g and ḡ are just simple rescalings of each other, and trδ * T X T is scale-invariant. Thus, we examine δ * T X T on the compactified metric (S(t),ḡ), in place of (S(t), g).
Let t s be the geodesic defining function for g s with boundary metric γ. Then as in (1.7), one hasḡ s = dt 2 s + g ts , where for each fixed s, g ts is a 1-parameter family of metrics on ∂M . For each fixed s, g ts has the asymptotic expansion (1.14) or (1.16) in t = t s , and by boundary regularity [15] , (1.15) holds for any fixed choice of (m, α), (with the modification by log terms if n is even). Also
Taking the derivative of the expansion with respect to s at s = 0, and using the fact that γ s = γ, then gives 
On the other hand, since the lower order terms in the FG expansion are completely determined as local expressions in γ and its derivatives, one has (g (k) ) ′ = 0, for k < n. Thus, modulo terms of order O(t n+2 ), the first non-vanishing term in (2.16) is t n (g (n) ) ′ . Now suppose first n is odd. The term g (n) is then not determined by γ and hence (g (n) ) ′ is also undetermined. However one has trg (n) = δg (n) = 0. This holds for all s, and so (tr γ g (n),s ) ′ = 0, and hence tr(g (n) ) ′ = 0. At next order n + 1, the term g (n+1) is determined by local expressions in the 2nd derivatives of g (n−1) ; the variation of this term vanishes (since its determined by γ), and thus tr(g (n+1) ) ′ = 0 also. Hence
Exactly the same arguments hold when n is even, since trg (n) as well as the h term are determined by γ, and g (n+1) = 0 when n is even. A simple integration of the equation above now implies that
proving that X is tangential to high order. We now perform a similar analysis on the other equation for X above, i.e. δδ * X = 0. Evaluating this 1-form on tangent vectors to S(t), by definition, one has
where we have used (2.17) to obtain δ T δ * T X N = O(t n+1 ), X N = X, N N . As before, the term δ T δ * T X T is the same on g andḡ, and by exactly the same reasoning as with the trace above, one
on vector fields Y tangent to S(t) smooth up to ∂M . By (2.17) again, we may then set Y = X and obtain
One has
, and hence for Z tangential and smooth
Now again an elementary integration shows that this implies
which shows that the boundary integral in (2.14) vanishes in the limit t → 0.
Next, we give a different proof of Theorem 2.2 in dimension 4, at least for real-analytic boundary metrics. The proof is more quantitative and less global than the proof of Theorem 2.2; more importantly, this proof generalizes to other situations where, for instance, the bulk manifold M may vary. This will be used in the proof of Theorem 5.3 below. Theorem 2.3. Suppose dimM = 4, and let g ∈ E ω AH . Then any connected Lie group of conformal isometries of the boundary metric (∂M, γ) extends to an action by isometries on (M, g).
Proof: By choosing the diffeomorphisms φ s suitably, one may assume that the curve g s defined as in (2.12) has a fixed real-analytic geodesic defining function t and analytic boundary metric γ. The uniqueness result, Proposition 1.1, implies that it suffices to prove that the coefficient g (3),s remains constant along the curve g s , i.e. for small s,
Let W be the square of the L 2 norm of the Weyl curvature. By (2.7) and Lemma 2.1, one has
for any infinitesimal deformation h ∈ T gs E ω AH of g s . As noted following Lemma 2.1, the boundary variation h (0) may be an arbitrarily prescribed smooth form in S 2 (∂M ).
To calculate d ds (dW gs ), consider the smooth 2-parameter family of metrics g s,u = g s + uh s , where
AH is an infinitesimal deformation of g s , with h 0 = h, such that for the induced variation of the boundary metric h (0) , one has h (0),s = h (0),0 = h (0) . From this, Lemma 2.1, and the fact that g s has fixed boundary metric γ, it follows that
Thus, it suffices to show that 20) at s = u = 0. Since W is a smooth functional, one may interchange the derivatives. Thus, for any fixed u small and varying s, consider
Note that δ * here is taken with respect to g 0 . Then (2.21) can be rewritten as
Taking the limit s → 0 in the first bracketed term in (2.22) gives the derivative dW q 0 (δ * X). This is of the form
The second term here vanishes, since δ * X = 0 at ∂M . For the first term, as noted above, δ * X is taken with respect to the metric g, while the remaining quantities are taken with respect q 0 = g+uh.
To compute this term, write then δ
On the other hand, at u = 0,
since ∇ g W = 0 because g is Einstein.
In the limit s → 0, the second bracketed term in (2.22) is
This uses again Lemma 2.1, i.e. the fact that h is infinitesimal Einstein to order 3. Since h ′ vanishes on the boundary, the last term here vanishes. Taking the u-derivative of the first term on the right gives,
The first integral here vanishes since since one is evaluating at u = 0 while for the second term,
This shows that (2.20) holds, which completes the proof.
Remark 2.4. For later purposes, (i.e. the proof of Theorem 5.3), we remark that the only place that the condition δ * X = 0 was used in the proof above is in (2.19), and in proving that the 2 nd term in (2.23) vanishes. Of course the proof above could have been carried out equally well with the renormalized action I ren AH in place of W. Remark 2.5. (i). Theorem 2.2 is not true in general for finite groups of isometries of the boundary metric. Thus consider the T 2 AdS black hole metrics on M = R 2 × T 2 , given explicitly by
where V (r) = r 2 − 2m/r, θ ∈ [0, 4π/3r + ], r + = (2m) 1/3 and g T 2 is any flat metric on the torus T 2 , cf. [6, Prop.4.4] . The conformal infinity of g m is a flat (product) metric on the 3-torus T 3 and for suitable values of m and g T 2 , finite isometries of the flat metric on T 3 do not extend to g m . Twisted versions of these metrics, obtained by taking suitable covering spaces and then passing to (different) discrete quotients, gives rise to infinitely many isometrically distinct AH Einstein metrics g i on R 2 × T 2 with a fixed flat conformal infinity T 3 . These metrics are also the examples discussed following the statement of Theorem A. It is worth noting that the metrics g m are all locally isometric.
(ii). Theorem 2.2 also does not hold for continuous groups of local isometries. For example, in his thesis [16] , G. Craig constructs infinitely many non-hyperbolic AH Einstein metrics with conformal infinity certain compact hyperbolic n-manifolds. The local isometries of the hyperbolic manifold at conformal infinity do not extend to local isometries of these filling manifolds.
(iii). Theorem 2.2 does not require that ∂M is connected. In fact, suppose ∂M is disconnected and g is an AH Einstein metric on M , with boundary metric γ admitting an (effective) isometric S 1 action on one boundary component. Theorem 2.2 implies that the metric g has an induced isometric S 1 action, and hence this induces an effective S 1 action of the boundary metric on any other component of ∂M. This gives non-trivial topological restrictions, since most n-manifolds do not admit effective S 1 actions. 13 We complete this section with the following application. Let E ′ AH be the set of non-degenerate AH Einstein metrics on M , i.e. those for which the L 2 kernel K is trivial. Theorem 2.6. Suppose dim M = 4, and m ≥ 6. Then E ′ AH is open and dense in E AH and so generically, all metrics in E AH are non-degenerate. In particular, ImΠ has non-empty interior in
This means that all points in U are critical points for the map Π, and so for every g ∈ U, the L 2 kernel K g of (M, g), cf. (1.5), satisfies dim K g = k(g) ≥ 1. The function dim K is upper semi-continuous on E AH and hence there exists a possibly smaller open set in E AH , also called U, such that dim K = k = const. on U. By the implicit function theorem, it follows that Π(U) is a submanifold of C(∂M ), of codimension k, and, for γ ∈ Π(U), the fibers
, there is a local slice to Π in U, i.e. a map I g : Π(U) → E AH such that Π • I g = id, with I g (γ o ) = g and Π| Ig a local diffeomorphism. As g ranges over the fiber K γo = Π −1 (γ o ), the submanifolds Im I g are disjoint, and give a local foliation of U, transverse to the fiber K γo .
Now choose a pair of distinct metrics g 1 and g 2 in a connected component of K γo , whose geodesic compactifications are sufficiently close in the C 3,α topology. It follows that
where V is the renormalized volume. (One could equally well choose the renormalized action). By the chain rule, one has
We claim that for g 2 sufficiently close to g 1 ,
For if h is an infinitesimal Einstein deformation of g 1 or g 2 with boundary variation h (0) =γ, then (2.7) gives
By (1.18), κ (3) = 0 almost everywhere on ∂M , which gives the claim. On the other hand, one has F ≡ 0 on Π(U). For, given any γ o ∈ Π(U), the metrics I g 1 (γ o ) and I g 2 (γ o ) are in the fiber K γo . The function V however is constant on connected components of K γo . To see this, if σ(t) is any curve in K γo , then the tangent vector σ ′ (t) ∈ K σ(t) . However, since the boundary variation corresponding to any k ∈ K vanishes, (2.7) gives
This contradiction implies that there is no open set of critical values of Π and hence E ′
AH is dense, and in particular non-empty, in E AH .
Remark 2.7. Theorem 2.6 holds in all dimensions, for the space E ∞ AH ; recall that when dimM = n + 1 is odd, E ∞ AH is understood to be AH Einstein metrics with C ∞ polyhomogeneous expansions. The proof is exactly the same in higher dimensions, using (2.11), (1.18) and the boundary regularity result in [15] .
Compactness I: Interior Behavior.
The purpose of the next two sections is to prove Theorem A; this section deals with the interior behavior, while §4 is mostly concerned with the behavior at the boundary. The property that the boundary map Π is proper is a compactness issue. Thus, given a sequence of boundary metrics γ i converging to a limit metric γ, one needs to prove that a sequence of AH Einstein metrics (M, g i ) with boundary metrics γ i has a subsequence converging, modulo diffeomorphisms, to a limit AH Einstein metric g on M , with boundary metric γ.
In §3.1, we summarize background material on convergence and degeneration of sequences of metrics in general, as well as sequences of Einstein metrics. This section may be glanced over and then referred to as necessary. The following section §3.2 then applies these results to the interior behavior of AH Einstein metrics.
§3.1. In this section, we discuss L p Cheeger-Gromov theory as well as the convergence and degeneration results of Einstein metrics on 4-manifolds from [1] [2] [3] .
We begin with the L p Cheeger-Gromov theory. The L ∞ Cheeger-Gromov theory [14] , [22] , describes the (moduli) space of metrics on a manifold, (or sequence of manifolds), with uniformly bounded curvature in L ∞ , i.e.
in that it describes the convergence or possible degenerations of sequences of metrics satisfying the bound (3.1). The space L ∞ is not a good space on which to carry out analysis, and so we replace
The curvature involves 2 derivatives of the metric, and so (3.2) is analogous to an L 2,p bound on the metric. The critical exponent p with respect to Sobolev embedding L 2,p ⊂ C o is (n + 1)/2, where n + 1 = dimM and hence we will always assume that
In order to obtain local results, we need the following definitions of local invariants of Riemannian metrics, cf. [4] .
where c o is a fixed sufficiently small constant. Although c o is an essentially free parameter, we will fix c o = 10 −2 throughout the paper. The left-side of (3.4) is a scale-invariant local average of the curvature in L p .
The volume radius ν(x) of (M, g) at x is given by
where ω n+1 is the volume of the Euclidean unit (n + 1)-ball and again µ o > 0 is a free small parameter, which will be fixed in any given discussion, e.g. µ o = 10 −2 .
Observe that ζ(x) and ν(x) scale as distances, i.e. if g ′ = λ 2 · g, for some constant λ, then ζ ′ (s) = λ · ζ(x), and ν ′ (x) = λ · ν(x). By definition, ζ and ν are Lipschitz functions with Lipschitz constant 1; in fact for y ∈ B x (ζ(x)), it is immediate from the definition that ζ(y) ≥ dist(y, ∂B x (ζ(x))), (3.6) and similarly for ν. A sequence of Riemannian metrics (Ω i , g i ) is said to converge in the L k,p topology to a limit L k,p metric g on Ω if there is an atlas A for Ω and diffeomorphisms F i : Ω → Ω i such that F * i (g i ) converges to g in the L k,p topology in local coordinates w.r.t. the atlas A. Thus, the local components (F * i (g i )) αβ → g αβ in the usual L k,p Sobolev topology on functions on R n+1 . Similar definitions hold for C m,α convergence, and convergence in the weak L k,p topology. Any bounded sequence in L k,p has a weakly convergent subsequence, and similarly any bounded sequence in C m,α has a convergent subsequence in the C m,α ′ topology, for any α ′ < α. By Sobolev embedding,
One then has the following result on the convergence and degeneration of metrics with bounds on ζ, cf. [4] . 
then U i has an F-structure in the sense of Cheeger-Gromov, cf. [14] . The metrics g i are collapsing everywhere in U i , i.e. ν i (y i ) → 0 for all y i ∈ U i , and so in particular the injectivity radius inj g i (y i ) → 0. Any limit of {g i } in the Gromov-Hausdorff topology [22] is a lower dimensional length space.
Remark 3.3. (i).
The local hypothesis on ζ p in (3.8) can be replaced by the global hypothesis 9) in case the volume radius satisfies ν i (y i ) ≥ ν o , for some ν o > 0 and all y i ∈ Ω i ; in fact under this condition (3.8) and (3.9) are then equivalent, with Λ = Λ(ζ o , D, ν o ).
(ii). It is an easy consequence of the definitions that the L p curvature radius is ζ p continuous under convergence in the (strong) L 2,p topology, i.e. if g i → g in the L 2,p topology, then
whenever x i → x, cf. [4] and references therein. However, (3.10) does not hold if the convergence is only in the weak L 2,p topology.
If in addition to a bound on ζ p one has L p bounds the covariant derivatives of the Ricci curvature up to order k, then in Case (I) one obtains convergence to the limit in the L k+2,p topology. Analogous statements hold for convergence in the C m,α ′ topology.
Next we discuss the convergence and degeneration of Einstein metrics. If M is a closed 4-manifold and g an Einstein metric on M , then the Chern-Gauss-Bonnet theorem gives 1 
is a smooth Einstein metric while each singular point q ∈ {q j } has a neighborhood U such that U \ q is diffeomorphic to C(S 3 /Γ) \ {0}, where Γ is a finite subgroup of O (4) and C denotes the cone with vertex {0}. Further Γ = {e} and when lifted to the universal cover B 4 \ {0} of C(S 3 /Γ) \ {0}, the metric g extends smoothly over {0} to a smooth Einstein metric on the 4-ball B 4 .
There are numerous examples, at least on compact manifolds of non-negative scalar curvature, where sequences of smooth Einstein metrics g i on M converge, in the Gromov-Hausdorff topology, to an Einstein orbifold limit (X, g). Such orbifold metrics are not smooth metrics on the manifold M , but may be viewed as singular metrics on M , in that M is a resolution of X.
We then have the following result describing the convergence and degeneration of Einstein metrics on 4-manifolds, cf. [3] . 12) and
for which exactly one of the following alternatives holds. (I). (Convergence). A subsequence of (U i , g i , x i ) converges in the C ∞ topology to a limit smooth Einstein metric (U, g, x), x = lim x i .
(II). (Orbifolds). A subsequence of (U i , g i , x i ) converges to an Einstein orbifold metric (X, g, x) in the Gromov-Hausdorff topology. Away from the singular variety, the convergence g i → g is C ∞ , while the curvature of g i blows up in L ∞ at the singular variety.
(III). (Collapse). A subsequence of (U i , g i , x i ) collapses, in that ν(y i ) → 0 for all y i ∈ U i . The collapse is with "generalized" bounded curvature, in that inj 2 g i (x)|R| g i (x) → 0, metrically away from a finite number of singular points; however such singularities might be more complicated than orbifold cone singularities.
The cases (I) and (II) occur if and only if
for some ν o > 0, while (III) occurs if (3.14) fails. One obtains C ∞ convergence in (I), and (II) away from the singularities, since Einstein metrics satisfy an elliptic system of PDE, (in harmonic coordinates).
When Ω i is a closed 4-manifold M , the bound (3.13) follows immediately from (3.11). When (Ω i , g i ) are complete AHE metrics on a fixed 4-manifold M , then of course (3.13) does not hold with Ω i = M . However, in the normalization (0.2), one has |W | 2 = |R| 2 − 6 where W is the Weyl tensor of (M, g) and so by (2.5)
Thus, a lower bound on the renormalized volume V and upper bound on χ(M ) give a global bound on the L 2 norm of W . In particular, under these bounds (3.13) holds for Ω i a geodesic ball B x i (R) of any fixed radius R about the base point x i ∈ (M, g i ).
We point out that Theorem 3.5 is special to dimension 4. A similar result holds in higher dimensions only if one has a uniform bound on the L n/2 norm of curvature in place of (3.13); however there is no analogue of (3.
where B x i (R) is the geodesic R-ball about x i to obtain a limit manifold (U (R), g ∞ , x ∞ ), in the non-collapse case. Now take a divergent sequence R j → ∞ and carry out this process for each j. There is then a diagonal subsequence B x i (R i ) of B x i (R j ) which converges to a complete limit (N, g ∞ , x ∞ ). Similar arguments apply in the case of collapse and the cases of Theorem 3.5.
The convergence in these situations is also convergence in the pointed Gromov-Hausdorff topology, [22] . §3.2. In this section, we study the behavior of sequences of AHE metrics in the interior, i.e. away from ∂M. We first discuss the hypotheses, and then state and prove the main result, Theorem 3.7.
Essentially for the rest of the paper, we will assume the topological condition on M = M 4 that
where the map is induced by inclusion ι : ∂M →M . As will be seen, this serves to rule out any orbifold degenerations of AH Einstein sequences. While many of the results of this paper carry over to the orbifold setting, we prefer for simplicity to exclude this possibility here. Next, let g i ∈ E AH be a sequence of AH Einstein metrics on M with C m,α boundary metrics γ i , m ≥ 3. As noted at the end of §2, the geodesic compactificationḡ i of g i with boundary metric γ i is a C m−1,α compactification. We assume the boundary behavior of {g i } is controlled, in that 17) in the C m,α ′ topology on ∂M, for some α ′ ≤ α. Next assume that the inradius of (M,ḡ i ) has a uniform lower bound, i.e.
for some constant 0 <τ ≤ 1, whereC i is the cutlocus of ∂M in (M ,ḡ i ), and also an upper diameter bound
where t 1 =τ /2 and S(t 1 ) = {x ∈ (M,ḡ i ) : t i (x) = t 1 } is the t 1 -level set of the geodesic defining function t i for (g i , γ i ).
Finally, we assume that the Weyl curvature of g i is uniformly bounded in L 2 , i.e.
Most of these assumptions, namely (3.18)-(3.20), will be removed in §4. The main result of this subsection is the following: Theorem 3.7. Let {g i } be a sequence of metrics in E AH on M , satisfying (3.16)- (3.20) and let x i be a base point of (M, g i ) satisfying
for some constants d > 0 and D < ∞, whereḡ i is the geodesic compactification associated to γ i . Then a subsequence of (M, g i , x i ), converges to a complete Einstein metric (N, g, x ∞ ), x ∞ = lim x i . The convergence is in the C ∞ topology, uniformly on compact subsets, and the manifold N weakly embeds in M ,
in the sense that smooth bounded domains in N embed as such in M .
Proof: By Theorem 3.5 and the discussion following (3.15), together with Remark 3.6, a subsequence of {(M, g i )} based at x i either, (i): converges smoothly to a complete limit Einstein manifold (N, g, x o ), (ii): converges to an Einstein orbifold, smoothly away from the singular variety, or (iii): collapses uniformly on domains of arbitrary bounded diameter about {x i }.
The first (and most important) task is to rule out the possibility of collapse. To do this, we first prove a useful volume monotonicity formula in the Lemma below; this result will also be important in §4. We carry out the proof in dimension 4, but the same argument holds in all dimensions.
Let (M, g) be any AH Einstein manifold, with C 2,α geodesic compactification
and boundary metric γ. LetĒ be the inward normal exponential map of (M,ḡ) at ∂M, so that σ x (t) =Ē(x, t) is a geodesic in t, for each fixed x ∈ ∂M . As discussed in §1, for r = − log t, the curve σ x (r) is a geodesic in the Einstein manifold (M, g). LetJ(x, t) be the Jacobian ofĒ(x, t), so thatJ (x, t) = dV (x, t)/dV (x, 0), where dV is the volume form of the 'geodesic sphere' S(t), i.e. the t-level set of t as following (3.19) . Also, let τ 0 = τ 0 (x) be the distance to the cutlocus ofĒ at x ∈ ∂M .
Lemma 3.8. In the notation above, the function
is monotone non-decreasing in t, for any fixed x.
Proof: As above, let r = log( 1 t ) and, for any fixed x, set r 0 = r 0 (x) = log(
). Then the curve σ x (r) is a geodesic in (M, g) and S(r) is the r-rlevel set of the distance function r. Let J(x, r) be the corresponding Jacobian for S(r) along σ x (r), so that J(x, r) = t −3J (x, t) by (3.23). Since Ric g = −3g, the infinitesimal form of the Bishop-Gromov volume comparison theorem [22] implies
is monotone non-increasing in r, as r → ∞. Converting this back to (M,ḡ), it follows that, in t, since as r increases to ∞, t decreases to 0. But sinh 3 (log(
Let q be any point in ∂M and consider the metric s-ball B x (s) = {y ∈M : distḡ(y, q) ≤ s} in (M ,ḡ). Let D q (s) = B q (s) ∩ ∂M, so that D q (s) is the metric s-ball in (∂M, γ), since ∂M is totally geodesic. Observe that there are constants µ 0 > 0 and µ 1 < ∞, which depend only on the C 0 geometry of the boundary metric γ, such that
Let D q (s, t) = {x ∈ M : x =Ē(y, t), for some y ∈ D q (s)}, so that D q (s, t) ⊂ S(t) 27) and hence, w.r.t. (M, g),
This leads easily to the following lower bound on volumes of balls.
Corollary 3.9. Let (M, g) be an AH Einstein metric, satisfying (3.18)-(3.19), and choose a point
where ν o depends only on d, D, τ o , T and the C o geometry of the boundary metric γ.
Proof: Again, by the Bishop-Gromov volume comparison theorem on (M, g), one has for any R ≥ 1,
Then for any y ∈ S(t 1 ), the triangle inequality and (3.19) imply that
, where the second inequality follows from the coarea formula, (changing t 1 slightly if necessary). Combining this with the comparison estimate above implies
where the last inequality follows from (3.28). This gives (3.29). Corollary 3.9 gives a uniform lower bound on the volume radius of each g i at x i satisfying (3.21) and so there is no possibility of collapse. Theorem 3.5 and Remark 3.6 then imply that (M, g i , x i ) has a subsequence converging in the Gromov-Hausdorff topology either to a complete Einstein manifold (N, g, x) or to a complete Einstein orbifold (V, g, x).
Next, we use the hypothesis (3.16) to rule out orbifold limits. Thus, suppose the second alternative above holds, so that (M, g i ) converges in the Gromov-Hausdorff topology to a complete Einstein orbifold (X, g). With each orbifold singularity q ∈ X with neighborhood of the form C(S 3 /Γ), there is associated a (preferred) smooth complete Ricci-flat 4-manifold (E, g o ), which is asymptotically 20 locally Euclidean (ALE), in that (E, g) is asymptotic to a flat cone C(S 3 /Γ), Γ = {e}, cf. [1, §5] , [3, §3] . The manifold E is embedded in the ambient manifold M ; in fact for any δ > 0 and points y i → q, E is topologically embedded in (B y i (δ), g i ). (The complete manifold (E, g o ) is obtained as a limit of blow-ups or rescalings of the metrics g i restricted to B y i (δ)). The Einstein metrics g i crush the topology of E to a point in that E ⊂ (B y i (δ), g i ) and B y i (δ) converges to the cone C(S 3 /Γ), in the Gromov-Hausdorff topology for any fixed δ > 0 sufficiently small.
Any such ALE space E has non-trivial topology; in fact by [ 
This follows from the Mayer-Vietoris sequence for (a thickening of) the pair (E, M \ E):
.
which gives (3.31).
Let Σ be any non-zero 2-cycle in H 2 (E, R). By (3.16), there is a 2-cycle Σ ∞ in H 2 (∂M, R) homologous to Σ, so that there is a 3-chain W in M such that ∂W = Σ − Σ ∞ . But W ∩ (S 3 /Γ) = ∅ and since H 2 (S 3 /Γ, R) = 0, one has W ∩ (S 3 /Γ) = ∂D, for some domain D ⊂ S 3 /Γ. It follows that (W ∩ E) ∪ D is a 3-chain in E, with boundary Σ, i.e.
[Σ] = 0 in H 2 (E, R). This shows that H 2 (E, R) = 0, contradicting (3.30).
Thus, the hypothesis (3.16) rules out any possible orbifold degeneration of the sequence (M, g i ). Having ruled out the possibilities (ii) and (iii), it follows that (i) must hold. The fact that N is weakly embedded in M follows immediately from Remark 3.6 and the definition of smooth convergence following (3.6). This completes the proof of Theorem 3.7.
Remark 3.10. (i).
Note that Theorem 3.7 does not imply that the limit manifold N topologically equals M . For instance, it is possible at this stage that some of the topology of M escapes to infinity, and is lost in the limit N . All of the results and discussion in §4.2 hold without change if the 4-manifold M is replaced by a sequence of 4-manifolds M i , with a common boundary ∂M i = ∂M , so that one has (M i , g i ) in place of (M, g i ).
(ii). We also observe that the proof shows that there is a uniform bound Λ = Λ(Λ o , d, D, T, {γ i }) < ∞ such that, for x satisfying (3.21),
i.e. there is a uniform bound on the sectional curvatures of {g i } in this region.
(iii). The existence and behavior of (M, g i ) at base points x i where distḡ i (x i , ∂M ) → ∞ will be discussed at the end of §4.
Compactness II: Boundary Behavior.
In this section, we extend the analysis in §3 to the boundary, and at the same time remove the hypotheses (3.18)-(3.20) from Theorem 3.7. Once this is done, the proof of Theorem A follows easily. In §4.2, we analyse the behavior when Π is not proper and prove that this is solely due to the formation of AH Einstein cusp metrics, cf. Theorem 4.8 and the discussion following it. §4.1. Theorem 3.7 essentially corresponds to a uniform interior regularity result in that one has uniform control of the AHE metrics g i in the interior of M , i.e. on compact subsets of M . In this subsection, we extend this to similar control on the boundary.
We begin with the following result, most of which was proved in [6] .
Proposition 4.1. Let {g i } be a sequence in E AH with C m,α boundary metrics {γ i }, m ≥ 3, w.r.t. some compactifications g i , and suppose γ i → γ in the C m,α ′ topology on ∂M, for some α ′ < α. Let U δ = {x ∈M : dist g i (x, ∂M ) ≤ δ} and suppose the L p curvature radius satisfies
for some constant ζ o > 0, for all x ∈ U δo , some δ o > 0.
Then there is a δ 1 = δ 1 (ζ o , γ) > 0 such that the C m−1,α geometry of the geodesic compactifications g i is uniformly controlled in U δ 1 , in that a subsequence of {ḡ i } converges, modulo diffeomorphisms in D 1 , to a limit C m−1,α metric on U δ 1 . The convergence is in the C m−1,α ′ topology on U δ 1 . The same statement holds if m = ∞ or m = ω.
Proof: By the discussion in §1, the geodesic compactificationḡ i of g i with boundary metric γ i is C m−1,α . By [6, Prop.2.7], the C m−1,α geometry of the metricsḡ i is uniformly controlled in U δ 1 , for δ 1 = δ 1 (ζ o , γ), provided the C m,α geometry of the boundary metrics γ i is uniformly bounded, (4.1) holds, and provided there is a uniform lower bound on the volume radius ofḡ i in U δ 1 . (This result should be understood as a natural strengthening, namely stability, of the boundary regularity result that AH Einstein metrics with C m,α boundary metric have a C m,α conformal compactification).
The control on the boundary metrics and (4.1) is given by hypothesis. To obtain a lower bound on the volume radius ν, observe that Lemma 3.8, cf. also (3.26), gives a lower bound on the volume ratios of balls, volB q (s)/s 4 centered at points q ∈ ∂M, depending only on the C o geometry of the boundary metric. In particular, there is a constant
Within the L p curvature radius, i.e. for balls B x (r) ⊂ B q (ζ o ), standard volume comparison results imply then a lower bound volB x (r)/r 4 ≥ ν 1 , where ν 1 depends only on ν o , cf. [4, §3] . This gives a uniform lower bound on the volume radius within U ζo , and hence the result follows.
This result also holds locally, in that if (4.1) holds at all points in an open set V containing a domain of fixed size in ∂M , then the conclusion holds in V ∩ U δ 1 . Proposition 4.1 implies in particular that the inradius ofḡ i is uniformly bounded below in terms of ζ o , cf. (3.18). It also gives the existence of the upper diameter bound T in (3.19), depending only on the boundary metric γ and ζ o . We next show that there is a global L 2 bound on W .
Proposition 4.2. Under the assumptions of Proposition 4.1, there is a constant
Proof: The integral (4.2) is conformally invariant. In the region U = U δ 1 about ∂M , compute the L 2 integral (4.2) with respect to the compactificationḡ i , while in M \ U , compute the integral with respect to the Einstein metric g i . Thus, by Proposition 4.1, the curvatureR i ofḡ i is uniformly bounded in U . Since vol γ i ∂M is also uniformly bounded, the curvature bound also gives a uniform upper bound on the volume of (U,ḡ i ). Hence, the integral over U in (4.2) is uniformly bounded. For the integral over M \ U , we use the Chern-Gauss-Bonnet theorem for manifolds with boundary, as in [5] . Let S(t 1 ) = ∂U δ 1 , viewed as a boundary in (M, g i ), and let Ω = M \ U δ 1 . Since (Ω, g) is Einstein, one has, dropping the subscript i,
B(R, A);
compare also with (3.15). Here B(R, A) is a boundary term, depending on the curvature R and second fundamental form A of S(t 1 ) in (M, g). But again by Proposition 4.1, R and A are uniformly controlled on S(t 1 ) ⊂ (M, g i ), as is vol g S(t 1 ). Hence, the L 2 norm of W over Ω is uniformly bounded in i and so (4.2) follows.
Observe that the hypotheses (3.18)-(3.20) of Theorem 3.7 thus hold, provided (4.1) holds. Thus, the main remaining task is to prove the bound (4.1) holds. Theorem 4.3. Let (M, g) be an AH Einstein metric with a L 2,p conformal compactification, p > 4, and boundary metric γ. Suppose that γ ∈ C 4,α and that, in a fixed coordinate system for ∂M , ||γ|| C 4,α ≤ K, for some α > 0. Ifḡ is the associated C 3,α geodesic compactification of g determined by γ, then there are constants µ o > 0 and ζ o > 0, depending only on K, α, and p, such that
Proof: The proof is rather long, and so is broken into several steps. Before beginning, it is worth pointing out that the curvature ofḡ at ∂M is uniformly bounded by the C 2 geometry of the boundary metric γ, cf. (A.8)-(A.10) in the Appendix. Thus, the geometry of g at ∂M is well-controlled; one needs to extend this to control of g near ∂M . Let τ 0 be the distance to the cutlocus of the normal exponential map from ∂M ; τ 0 (x) = distḡ(x,C), whereC is the cutlocus, as in (3.18). The first step is to prove that the function ζ p is bounded below by τ 0 near ∂M. The second, more subtle, step is to prove that τ 0 itself is uniformly bounded below near ∂M .
We begin with the following result. Proof: The proof is by contradiction. If (4.3) is false, then there must exist a sequence of AHE metrics g i on M , with C 3,α geodesic compactificationsḡ i , for which the boundary metrics γ i satisfy
but for which the L p curvature radius ζ p = ζ p (i) ofḡ i satisfies
on some sequence of points x i ∈ (M ,ḡ i ). Note that the ratio in (4.6) is scale-invariant. Without loss of generality, assume that x i realizes the minimal value of ζ p /t 0 on (M,ḡ i ). Of course x i may occur at ∂M. In the following, we drop the superscript p to simplify the notation. Now blow-up or rescale the metricsḡ i at x i to make ζ(x i ) = 1, i.e. set
where λ i = ζ(x i ) −1 → ∞. Let ζ ′ = λ i ζ and τ ′ 0 = λ i τ 0 be the L p curvature radius and distance to the cutlocus, with respect to
and by the minimality property of ζ(x i ),
for any y i ∈M . Since (4.6) implies τ ′ 0 (x i ) → ∞, it follows that
for all y i with dist g ′ i (x i , y i ) ≤ D, for any given D, provided i is sufficiently large. Of course one also has τ ′ 0 (x i ) → ∞ for any such y i .
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It follows that the metrics g ′ i have uniformly bounded curvature, on the average in L p on all unit balls of bounded distance to x i . For clarity, we divide the proof into two cases, according to whether dist g ′ i (x i , ∂M ) remains bounded or not.
We may then apply Proposition 4.1, or more precisely its local version as following the statement of Proposition 4.1, to conclude that a subsequence of the metrics (M, g ′ i , x i ) converges in the C 3,α ′ topology to a limit (N, g ′ , x ∞ ). Since τ ′ 0 (y i ) → ∞ for any y i within bounded g ′ i -distance to x i , the limit (N, g ′ ) is a complete manifold with boundary. Moreover, since the unscaled boundary metrics γ i are uniformly bounded in C 4,α , the limit (∂N, γ ′ ) = (R 3 , δ), where δ is the flat metric.
In particular, one has a stronger convergence to the limit than that nominally given by the L p curvature bound, (which only gives weak L 2,p convergence). Since the L p curvature radius is continuous in the C 3,α ′ topology, it follows from (4.8) that
The rest of the proof in this case is to prove that (N, g ′ ) is flat. This clearly contradicts (4.11), and so will complete the proof. Let
where t ′ i is the geodesic defining function for (∂M, g ′ i ) and
, the smooth convergence implies ∂N = R 3 is totally geodesic in (N, g ′ ). Since τ ′ 0 = ∞ on N , t ′ is globally defined and smooth on N .
We now use some of the curvature properties of geodesic compactifications given in the Appendix. The equations (A.1)-(A.3) for the curvatures R ′ , Ric ′ and s ′ also hold on (N, g ′ ), with t ′ in place of t. We note that the Hessian D 2 t ′ = A, where A is the 2 nd fundamental form of the level sets of t ′ , and ∆t ′ = H, the mean curvature of the level sets.
By (A.3), the scalar curvature s ′ of (N, g ′ ) is given by 13) and by (A.11) satisfiesṡ 14) whereṡ ′ = ∂s ′ /∂t ′ . Since s γ ′ = 0, (A.8) implies that s ′ = 0 on ∂N , and hence by (4.14), s ′ ≥ 0 everywhere on N . Moreover, elementary integration of (4.14) implies that if, along a geodesic
, which is impossible, since t ′ → ∞ along all geodesics normal to ∂N . It follows that one must have
From (4.13) and (4.15), we then have 16) so that t ′ is a smooth harmonic function on N , with |∇t ′ | = 1. Now the Riccati equation (A.7) for the t ′ geodesics on (N, g ′ ) gives
On the other hand, the formula (A.2) for the Ricci curvature holds, so that on (N, g ′ ),
Here and below, we drop the prime from the notation. Clearly D 2 t(∇t, ∇t) ≡ 0 on N , and so by (4.17), |A| 2 = 0, i.e. all the level sets are totally geodesic. Since A = D 2 t, (4.18) implies that Ric ≡ 0, so that (N, g ′ ) is Ricci-flat. The vector field ∇t is thus a parallel vector field, and so (N, g ′ ) splits as a product along the flow lines of ∇t. It follows that (N, g ′ ) is flat, as claimed.
The proof in this case is very similar to that in Case I, with some differences in the details. Suppose first that 19) for some constant v 0 > 0, where the volume and radius are w.r.t. g ′ i ; this is the non-collapsing situation. By Theorem 3.2, a subsequence of (M, g ′ i , x i ) converges to a complete limit manifold (N, g ′ , x ∞ ). The only distinction with Case I is that here ∂N = ∅. The metric g ′ is C 1,α and L 2,p and the convergence is in the weak L 2,p topology. Now exactly the same arguments as in (4.13)-(4.18) prove that the limit (N, g ′ ) is flat. Moreover, we claim that the convergence to the limit is in the strong L 2,p topology. Since ζ is continuous in the strong L 2,p topology, (4.11) passes to the limit and gives the same contradiction as in Case I.
To prove the strong convergence, the estimate (A.11) applied to the unscaled metrics (M,
, where C depends only on K in (4.5). This estimate is scale invariant, and hence on the rescalings (M, g ′ i ),
for any y i within bounded distance to the base point x i . Since H = ∆t = −ts/6 as in (4.13), this gives 20) as i → ∞. Moreover, since the metric g ′ i is locally controlled everywhere in C 1,α and L 2,p , standard elliptic regularity implies that, for any p < ∞,
for a fixed constant C = C(p), independent of i. From the formula (A.2) for the Ricci curvature, this in turn implies
for any p < ∞. Now the equation for Ricci curvature in harmonic coordinates gives
where Q depends only on g and its first derivatives. Since |Ric| → 0 strongly in L p loc , this implies g ij converges strongly in L p loc to its limit, for any p < ∞; cf. [2] for further details. On the other hand, suppose g ′ i collapses near x i , in that (4.19) fails. The distance function t ′ i is smooth on domains of bounded but fixed diameter about x i , and since |∇t ′ i | = 1, large neighborhoods of x i are topologically products I × S, with S diffeomorphic to a domain in ∂M . To be concrete, in the following we choose I = (−5, 5), parametrized by t = t ′ i , and S to be a ball of radius 5 in the hypersurface orthogonal to the t-geodesics and containing x i . Observe also that (4.20) implies that the volume form of g ′ i splits approximately as dt ′ i ∧ dV S , where dV S is invariant under the flow of ∇t ′ i . It follows in particular that B x i (1) collapses if and only if the slice S, and all nearby slices S t , collapse intrinsically.
These facts imply that the L p curvature radius of the slice S through x i , (or a nearby slice S ′ ), is also uniformly bounded below. To see this, the bounds (4.8), (4.10) imply
where C 0 is independent of i. Let R int be the intrinsic curvature of the slices S t . By the Gauss equations, one has formally R int = R + A 2 . Now comparison estimates on the Riccati equatioṅ A + A 2 + R T = 0 give an L p bound on A 2 in terms of an L p bound on R along the geodesics. This control is elementary in the L ∞ case; we refer to [19] or [4] for the completely analogous proof in the case of L p bounds. Hence, the bound (4.22) implies the bound
Applying Fubini's theorem together with the approximate splitting of the volume form above gives 1
for most t ∈ I. This in turn implies that the L p curvature radius of S is uniformly bounded below, since the same bound holds on small scales by rescaling such small scales to unit size and applying the same argument. Now it is well-known, cf. [4] , that if a 3-dimensional domain of bounded diameter S is highly collapsed, with a uniform lower bound on its L p curvature radius, p > 3, then the collapse may be unwrapped by passing to covering spaces of S. Thus, the universal cover S of S is not collapsed, and has essentially the same curvature radius as S. Since the domain I × S is a product, it follows that the metric g ′ i on I × S is non-collapsed, i.e. (4.19) holds. One may then apply the same remaining arguments following (4.20) as in Case I to again obtain a contradiction.
Returning to the proof of Theorem 4.3, the next step is to prove that τ 0 is uniformly bounded below near ∂M. Proof: The proof of this estimate is conceptually more subtle than that of Proposition 4.4, but again is an argument by contradiction based on proving a natural rescaling or blow-up limit is necessarily flat. Thus, suppose (4.23) false. Choose points x i ∈ ∂M realizing the minimal value of τ 0 and rescale the compactified metricsḡ i to g ′ i = 10(τ 0 (x i )) −1 g i , so that τ ′ 0 ≥ 10 everywhere, with τ ′ 0 (x i ) = 10. By Proposition 4.4, ζ ′ is uniformly bounded below near ∂M , and hence as in the proof of Proposition 4.4, a subsequence of (M, g ′ i , x i ) converges in the C 3,α ′ topology to a maximal limit (N, g ′ , x ∞ ); maximal here means the maximal domain on which the convergence is C 3,α ′ . The manifold N has boundary ∂N = R 3 , with boundary metric the flat metric γ ′ = δ. However, in this case, N is not complete away from its boundary, since t ′ 0 (x ∞ ) ≤ 10. The main idea now is to adapt the proof of Theorem 2.3 to this situation to prove that the translation subgroup of Isom(R 3 ) extends to an isometric R 3 -action on (N, g ′ ). Recall first the g (3) term in the Fefferman-Graham expansion given by (1.12). The
We recall that although each (g ′ i ) (3) is only globally determined by the Einstein metric g i , it is locally computable from the metric g ′ i via (1.12). To begin, let x be any linear function on R 3 , so ∇x is a parallel vector field on R 3 , generating a translation. Let η be a cutoff function with η ≡ 1 on B x∞ (R), η ≡ 0 on R 3 \ B x∞ (2R) with |dη| ≤ 2/R, and consider the vector field X = η∇x on (R 3 , δ); here R is a large number, which will be taken to infinity at the end of the argument. Observe that X has compact support and, on (R 3 , δ), 25) since D 2 x = 0. In particular, supp δ * X ⊂ A x∞ (R, 2R) and |δ * X| ≤ c/R. Also, choose any point y ∈ B x∞ (R − 2) and let h (0) be any smooth symmetric bilinear form on R 3 , supported in B y (1) . Now recall we have the convergence of the pointed manifolds (M,
. Thus, X may be viewed as a vector field on (∂M, γ ′ i ), and as such
with supp X ⊂ B x i (2R), and supp (δ γ ′ i ) * X ⊂ B x i (2R). Now fix any i large. As in the proof of Theorem 2.3, extend the vector field X into a neighborhood of ∂M in M by requiring that [X, T ] = 0, where T = ∇t and t = t ′ i is the geodesic defining function of (M, g i ) with boundary metric γ ′ i . This defines X uniquely in a sufficiently small neighborhood U = U i of ∂M, (depending on i); outside this small neighborhood, extend X arbitrarily to a smooth vector field on the rest of M . Thus, one obtains a curve of AH Einstein metrics
where g = g i and g s = (g i ) s . This curve has a fixed defining function t = t ′ i , i.e. t depends on i, but is independent of s. Here δ * is taken of course w.r.t. g = g i , so that on (∂M, γ ′ i ),
For the boundary metrics
on ∂M and the same on the limit R 3 , where γ ′ = δ. The main claim is that the equality (2.18), i.e.
also holds here on the limit (R 3 , δ), within B x (R). Since R is arbitrary, (4.28) then also holds globally on ∂N = R 3 when R is taken to infinity and X becomes ∇x.
To prove (4.28), we work first on the manifolds (M, g ′ i , x i ), for any given i large, but suppress the index i and follow step-by-step the proof of Theorem 2.3. For each given s small, let h s = (h i ) s ∈ T gs E AH be an infinitesimal deformation of g s , Einstein to 3rd order, with fixed boundary value h (0) defined above. Hence, for each i, (h s ) (0) = (h 0 ) (0) = h (0) , and
Since the convergence of g ′ i to g ′ is C 3,α ′ in a neighborhood of fixed size about ∂M , the forms h i may be chosen so that, in a subsequence, h i → h in C 3,α ′ . Now recall from the proof of Theorem 2.3 that the only place in the argument proving (2.18) where the condition δ * X = 0 was used occurs in (2.19) and (2.23) -see Remark 2.4. All the remaining arguments and estimates in the proof remain valid here. We thus need to revisit only the steps (2.19) and (2.23).
First, it is easy to see that (2.19) holds approximately on (∂M, γ ′ i ), and holds exactly on the limit (∂N, δ). Thus, fix any i large; in the following we drop the i and prime from the notation. Since the boundary value h (0) is fixed, one has, on (∂M, γ i ),
We claim that the last two terms are small, and tend to 0 as i → ∞. For the second term, although g (3) is global, h (0) is fixed and local, supported only in B y i (1), while by (4.27), δ * X is small in B y i (1) and converges to 0 as i → ∞. We recall from (4.24) and the above that (g i ) (3) and h i converge to their limits. Exactly the same argument applies to the last term. Thus, on the limit (R 3 , δ), one has
Next, and most importantly, we need to consider the second term in (2.23) in this situation, i.e. on (M i , g ′ i + uh i ), (with again i and the prime dropped from the notation),
where all metric quantities are with respect to q 0 = g + uh except δ * X, which is taken with respect to g, (i.e. g ′ i ). For each i, one has
The terms (h i ) (3) converge locally to the limit h (3) . Hence the derivative may be taken inside the integral, and by the same arguments concerning (4.30) and (4.31) above, the term (4.32) converges to the limit
on (R 3 , γ). As noted above, the equation (4.28) will then follow provided this term vanishes,
To see this, write h (3) , dx · dη = h (3) (∇x), dη . Then the divergence theorem gives
On the other hand, we claim that δh (3) is local, in the sense that supp δh (3) ⊂ supp h (0) . Namely, since h ∈ T E AH , (or more precisely h = lim h i with h i ∈ T g i E AH ), one has by (1.11),
and hence g (3) ). This term is local, with support in supp h (0) , since it only involves h (0) and ∇h (0) , where h (0) is the variation of the boundary metric. Hence 36) with supp φ ⊂ supp h (0) . Since η ≡ 1 on supp h (0) , this gives
This proves (4.34), as required.
Letting R → ∞, the arguments above prove that on the limit boundary (R 3 , γ), with γ = δ, γ s = γ, and (g (3) ) s = g (3) , (4.37)
where γ s = (φ s ) * γ and φ s is given by translation in any direction on R 3 . Since the boundary data are real-analytic, it follows from the local version of Proposition 1.1. that the limit metric (N, g ′ ) has a free isometric R 3 -action. This action preserves the distance t ′ to ∂N , and so (N, g ′ ) is foliated by equidistant leaves isometric to R 3 .
It takes some further work to prove that (N, g ′ ) itself must be flat, (and so isometric to (R 4 ) + ). Among several ways to prove this, one way is as follows. The metric (N, g ′ ) is conformally Einstein; in fact the metric
is Einstein, satisfying (0.2). This metric clearly also has a free isometric R 3 -action. Now it wellknown, cf. [9] , [10] that the only such Einstein metrics, (with conformal infinity R 3 ) are the universal cover of the T 2 AdS black hole metrics (2.24), given by
where V (r) = r 2 − 2m r and θ ∈ R. The g (3) term for these metrics, up to a fixed constant, is
When m = 0, this is the (universal cover of the) complete hyperbolic cusp metric, isometric to ds 2 + e 2s g R 3 , which gives the flat metric ((R 4 ) + , δ) in the correspondence (4.38).
Thus it remains to prove that one must have m = 0. We do this by showing that g m cannot be a limit of the original Einstein metrics g i on M when m = 0. Thus, recall that we have a sequence of AH Einstein metrics g i on M , with conformal compactificationḡ i . The metricsḡ i are rescaled up to g ′ i = λ 2 iḡ i , and converge in C 3,α ′ to a maximal limit (N, g ′ ). Now the rescaling ofḡ i just corresponds to changing the defining function t i to t ′ i = λ i t i . Thus it does not change g i itself; in
follows that there are base points y i ∈ M , (diverging to infinity), such that (M, g i , y i ) converges to (N, g m , y), for some m. The convergence is in the C 3,α ′ topology on compact subsets of N , and is globally in the pointed Gromov-Hausdorff topology, since the metrics g i have a uniform lower bound on their Ricci curvature.
Suppose first m > 0. The metric g m is singular at the locus {r = r + = (2m) 1/3 }, and the singularity is a cone singularity of infinite cone angle along the θ-axis. Thus, the unit geodesic ball B p (1) centered at any point p ∈ {r = r + } has infinite volume, and there are infinitely many disjoint balls of radius 1 4 within B p (1), with center point at distance 1 2 to {r = r + }. However, no such manifold is a pointed Gromov-Hausdorff limit of manifolds with Ricci curvature bounded below. This follows from Gromov's weak compactness theorem [22] , which implies in particular that on any space which is a limit of manifolds with a lower Ricci curvature bound, there is a uniform upper bound on the number of ε-balls in any R-ball, depending only on ε and R.
The proof in case m < 0 is essentially the same. In this case, the metric g m is singular at the locus {r = 0}, where it has the approximate form
obtained by the change of variable s = r 2 /4m. This metric is much more singular than the case m > 0, but has the same feature as before; there are infinitely many disjoint 1 4 -balls in a 1-ball centered at a point on the locus {r = 0}.
It follows that one must have m = 0, and hence (N, g ′ ) is flat. The convergence to this limit is in C 3,α ′ uniformly on compact sets. However, since τ 0 = 10 on the limit (N, g ′ ), this is clearly impossible. This completes the proof of Proposition 4.5 and thus also the proof of Theorem 4.3.
We now assemble the results above, and in §3 to obtain the following result, which represents the major part of Theorem B. Recall from [6] that if (M, g) is an AH Einstein metric andḡ is a geodesic compactification, then its width W idḡM is defined by
The width depends on a choice of the boundary metric γ for the conformal infinity. However, if γ and γ ′ are representatives in [γ], then
where C depends only on the C 1 norm of γ −1 γ ′ and (γ ′ ) −1 γ in a fixed coordinate system on ∂M.
Theorem 4.6. Let {g i } be a sequence of AH Einstein metrics on M, with boundary metrics γ i and suppose γ i → γ in the C m,α ′ topology on ∂M , m ≥ 4. Suppose further that
and there is a constant D < ∞ such that
Then a subsequence of {g i } converges smoothly and uniformly on compact subsets to an AH Einstein metric g on M with boundary metric γ. The geodesic compactificationsḡ i converge in the C m−1,α ′ topology to the geodesic compactificationḡ of g, within a fixed collar neighborhood U of ∂M. Thus if we choose base points x i satisfying (3.21), then a subsequence of (M, g i , x i ) converges smoothly and uniformly on compact sets, to a limit AH Einstein metric (N, g, x) .
For a fixed d > 0 small, let 44) and define N d in the same way. Then the smooth convergence of the compactificationsḡ i implies that (M i ) 2d is diffeomorphic to N 2d and each is a collar neighborhood of ∂M. Further, the limit metric g on N 2d is AH, with conformal infinity [γ] . On the other hand, (4.43) implies that the complementary domains
have uniformly bounded diameter w.r.t. g i , and so Theorem 3.7 or Theorem 3.2 again imply that
). It follows that N = M and so g is an AH Einstein metric on M , with conformal infinity [γ] . Combining the results above leads easily to the proof of Theorem A.
Proof of Theorem A. Let γ i be a sequence of boundary metrics in C o , with γ i → γ ∈ C o in the C m,α ′ topology on ∂M , m ≥ 6, with Π(g i ) = [γ i ]. Since only the conformal classes are uniquely determined, one may choose for instance γ i to be metrics of constant scalar curvature. To prove Π o is proper, we need to show that {g i } has a convergent subsequence in E AH to a limit metric g ∈ E AH with Π[g] = [γ] .
Suppose first there is a constant s 0 > 0 such that
where s γ i is the (intrinsic) scalar curvature of the boundary metric γ i . It is then proved in [6, Prop.5.1] that 
where g F is a flat metric on ∂M. It follows from the proof of Theorem 4.6, as following (4.44), that γ = g F , so that, by definition, γ / ∈ C o . This implies that necessarily W idḡ i ≤ D, for some D < ∞, which completes the proof.
Remark 4.7. Theorem A implies that the space E o AH on a given 4-manifold M satisfying (4.42) has only finitely many components whose conformal infinities intersect any given compact set in
A similar result holds if the filling manifold M is also allowed to vary. Thus, there are only finitely many 4-manifolds M i having a common boundary ∂M , which satisfy (4.42) and χ(M i ) ≤ C, for some constant C < ∞, for which
The proof of this is exactly the same, using Theorem 3.5 and Remark 3.6 with varying manifolds M i . §4.2. In this section, we characterize the possible degenerations when Π is not proper. Observe first that Theorem 4.6 implies that if the manifold M satisfies (4.42), then the "enhanced" boundary map
is proper. Thus, degenerations of AH Einstein metrics with controlled conformal infinity can only occur when the width diverges to ∞. On the other hand, as indicated in the Introduction, in general the boundary map Π is not proper. Define an AH Einstein metric with cusps (N, g) to be a complete Einstein metric g on a 4-manifold N which has two types of ends, namely AH ends and cusp ends. A cusp end of (N, g) is an end E such that vol g E < ∞. Thus, N has a compact (possibly disconnected) hypersurface H, disconnecting N into two non-compact connected components N = N 1 ∪ N 2 where (N 1 , g ) is an AH Einstein metric with boundary H and (N 2 , g) has finite volume, so that each end of N 2 is a cusp end. A natural choice for H is the level set t −1 (1), where t is a geodesic defining function for the conformally compact boundary ∂ AH N of N . Then N 1 = {x ∈ N : t(x) ≤ 1},
Note that any cusp end E is not conformally compact. As one diverges to infinity in E, the metric g is collapsing, in that vol g B x (1) → 0 as x → ∞ in E, and hence the injectivity radius satisfies inj g (x) → 0, as x → ∞ in E, see §3.1. Theorem 4.8. Let M be a 4-manifold satisfying (0.4), and let g i ∈ E AH be AH Einstein metrics with boundary metrics γ i ∈ C m,α , with γ i → γ in the C m,α ′ topology on ∂M , m ≥ 4. Let t i be the geodesic defining function associated with γ i and choose base points x i ∈ H i = t −1 i (1). Then a subsequence of {g i } converges, modulo diffeomorphisms in D 1 , either to an AH Einstein metric g on M, or to an AH Einstein metric with cusps (N, g, x), x = lim x i . The convergence is smooth and uniform on compact subsets of M, N respectively. In both cases, the conformal infinity is given by (∂M, [γ] ). Further, the manifold N weakly embeds in M, as in (3.22) . If there is a fixed D < ∞ such that (4.43) holds, then the result follows from the proof of Theorem 4.6 or Theorem A. Thus, we may suppose
(4.50)
In this case, it follows from [6, Lemma 5.4 ] that there is a constant V o < ∞, depending only on {γ i } and the Euler characteristic χ(M ), such that
where
(The estimate (4.51) is a straightforward consequence of (2.5), or more precisely the bound V ≤ By Theorem 3.5 and Remark 3.6, the pointed manifolds (M, g i , x i ), for x i base points in S i (1) = t −1 i (1), converge in a subsequence and in the Gromov-Hausdorff topology to a complete Einstein manifold (N, g, x), x = lim x i . The convergence is also in the C ∞ topology, uniform on compact sets. The domain N 1 = {x ∈ (N, g) : t(x) ≥ 1}, with t(x) = lim t i (x), is the limit of the domains (M i ) 1 .
The bound (4.51) implies that N 1 is of finite volume while (4.50) implies that N 1 is non-compact. It follows that the full limit N = N 1 ∪ N 1 with limit metric g is a complete AH Einstein manifold with conformal infinity (∂M, [γ] ) and with a non-empty collection of cusp ends. The fact that N weakly embeds in M follows exactly as in the proof of Theorem 3.7.
The fact that the AH cusp metric (N, g) has conformal infinity (∂M, [γ] ) and that it weakly embeds in M implies that there is a sequence t j → ∞ such that N t j ⊂ N embeds in M , for N t j as above. Hence, for any j large, the manifold M may be decomposed as
(4.52)
With respect to a suitable diagonal subsequence j = j i , the metrics g i on M push the region M \N t j i off to infinity as i → ∞ and t j i → ∞, giving rise to cusp ends in the limit (N, g).
Theorem 4.8 suggests the construction of a natural completionĒ AH of E AH . Thus, for any R < ∞ large, let C(R) denote the space of conformal classes [γ] on ∂M which contain a representative γ satisfying ||γ|| C 4,α ≤ R, w.r.t. some fixed coordinate system for ∂M. Let E AH (R) = Π −1 (R) and for any g ∈ E AH (R), choose a base point x ∈ t −1 (1) ≡ H g , where t is the geodesic defining function associated to the boundary metric γ.
Then Theorem 4.8 implies that the completionĒ AH (R) of E AH (R) in the pointed GromovHausdorff topology based at points x ∈ H g is the set of AH Einstein metrics on M , together with AH Einstein metrics with cusps (N, g). If γ i are metrics in C(R), then a subsequence of γ i converges in C m,α ′ to a limit metric γ ∈ C(R). If g i ∈ E AH (R) satisfy Π(g i ) = γ i , then the corresponding subsequence of g i converges in the Gromov-Hausdorff topology based at x i to (N, g) ∈Ē AH (R), and the conformal infinity of (N, g) is γ = lim γ i . The convergence is also in the C ∞ topology, uniform on compact sets. Of course one may have N = M , in which case the limit is an AH Einstein metric on M .
For R < R ′ , E AH (R) ⊂ E AH (R ′ ) and so we may form the unionĒ AH = ∪ RĒAH (R) with the induced topology. It is clear that in this topology, the boundary map Π extends to a continuous mapΠ :Ē AH → C.
(4.53)
Further, the following corollary is an immediate consequence of Theorem 4.8.
Corollary 4.9. Let M be a 4-manifold satisfying (0.4). Then the extended mapΠ :Ē AH → C is proper.
It follows in particular that the imageΠ
is a closed subset of C. However, it is not known ifĒ AH is a Banach manifold. Even ifĒ AH is not a Banach manifold, it would be interesting to understand the 'size' of the set of AH Einstein metrics with cusps. The set of such metrics corresponds of course exactly to
In particular, with regard to the work to follow in §5- §6, one would like to know if the imagē Π(∂E AH ) disconnects C or not, cf. also Remark 6.7 below. Again the fact thatΠ is proper implies thatΠ(∂E AH ) is a closed subset of C.
LetĈ
= C \Π(∂E AH ); (4.54) this is the space of conformal classes on ∂M which are not the boundaries of AH Einstein metrics with cusps associated to the manifold M . Also letÊ AH =Π −1 (Ĉ), so thatÊ AH is the class of AH Einstein metrics on M whose conformal infinity is not the conformal infinity of any AH Einstein metric with cusps associated to M . If one givesĈ the relative topology, as a subset of C, then the following result is also an immediate consequence of the results above. is proper.
Remark 4.11. At present, the only known example where Π is not proper, for example Π −1 (pt) is non-compact in E AH , is the sequence of AH Einstein metrics g i on R 2 × T 2 , converging to the hyperbolic cusp metric on R × T 3 , see [6, Prop.4.4] for the explicit construction of {g i }. However, these metrics lie in distinct components of the moduli space E AH on R 2 × T 2 , and so cannot be connected by a curve of metrics on R 2 × T 2 . Thus E AH has infinitely many components, and this is the cause of Π being non-proper. It is possible that when Π is restricted to a component of E AH , then Π is proper. On the other hand, if one passes to the quotient of E AH by the full diffeomorphism group, then these metrics are joined by a curve.
Degree of the Boundary Map.
In this section, we prove that the boundary map Π o has a well-defined Z-valued degree, following Smale [31] and White [34] , cf. also [32] . Throughout this section, we work componentwise on E o AH and C o , but we will not distinguish components with extra notation. Thus, we assume
where E o AH and C o are connected, that is connected components of the full spaces. The results of this section also hold for the restricted boundary mapΠ :Ê AH →Ĉ in (4.55), but since there is no intrinsic characterization ofĈ, we work with C o ; see also Remark 6.7.
Since Π o is a proper Fredholm map of index 0, the Sard-Smale theorem [31] 
). The operator L is bounded below on L 2,2 and as in the theory of geodesics or minimal surfaces, let
be the L 2 index of the operator L at (M, g), i.e. the maximal dimension of the subspace of L 2,2 (M, g) on which L is a negative definite bilinear form, w.r.t. the L 2 inner product. The nullity of (M, g) is the dimension of the L 2 kernel K.
The main result of this section is the following:
Theorem 5.1. Let γ be a regular value of Π o on (M, g) and define [31] , we may assume thatσ is transverse to Π, so that the lift σ = Π −1 (σ) is a collection of curves in E AH , with boundary in the fibers over γ 1 and γ 2 . Define an orientation on σ by declaring that Π is orientation preserving at any regular point of σ which has even index, while Π is orientation reversing at regular points of σ of odd index. Thus, provided this orientation is well-defined, the map Π| σ : σ →σ has a well-defined mapping degree, as a map of 1-manifolds. By construction, this 1-dimensional degree is given by (5.3) at any regular point of σ and hence it follows that (5.3) is well-defined. Thus, it suffices to prove that the orientation constructed above is well-defined.
If Π * (dσ/dt) = 0 for all t, so that all points of σ are regular, then the index of σ(t) is constant, and so there is nothing more to prove. Suppose instead that Π * (σ ′ (t o )) = 0, so that σ(t o ) is a critical point of Π; (w.l.o.g. from here on assume σ is connected). Hence σ ′ (t o ) = κ o ∈ K, and for AH is the space of complete metrics on M which have a C m,α conformal compactification. Since Ric g + 3g = 0 on the curve σ(t), the implicit function theorem implies that there is a 2-parameter family σ(t, s) ∈ M et m,α AH , with Π(σ(t, s)) = Π(σ(t)) = γ(t), for t near t o and s near 0, such that
here we are implicitly using the fact that elements in K o are transverse-traceless. This, together with (1.17) implies that the metrics σ(t, s) are Einstein to order 3 in t at t = 0, in that the relations (1.0)-(1.11) hold. Now recall from the proof of Lemma 2.1 that the renormalized action I ren EH is well-defined on the family σ(t, s). When viewed as a function of t, s, one has 3) ). Hence the curve σ(t) in the plane P spanned by t, s is the set where dI ren EH /ds = 0. (The functional I ren EH plays the role of g in [34] ). It follows that σ(t) is (locally) the boundary of the open set {dI ren EH /ds > 0} in P :
If ind σ(t) is even, for t near t o , t = t o , give σ(t) the boundary orientation induced by this open domain, while if ind σ(t) is odd for t near t o , t = t o , give σ(t) the reverse orientation. It is now straightforward to see that this definition coincides with the orientation defined at the beginning of the proof. Thus, the point t o → σ(t o ) is a critical point for the map π 1 • σ, where π 1 : (t, s) → t is projection onto the first factor. If this critical point is a folding singularity for π 1 • σ, then the index of σ(t) changes by 1 in passing through σ(t o ) and reverses the orientation of λ(t) = π 1 (σ(t)), (exactly as is the case with the standard folding singularity x → x 2 ). On the other hand, if π 1 • σ does not fold w.r.t. π 1 , (so that one has an inflection point), then the index of σ(t) does not change through t o and π 1 maps σ(t) to λ(t) in an orientation preserving way. We refer to [34] for further details, and also to §6 for concrete examples of folding behaviors.
AH , is dense, for any (m ′ , α ′ ) ≥ (m, α) and these spaces are diffeomorphic. Hence, the degree of Π o is independent of (m, α) and defined on the spaces E (m,α) AH for all m ≥ 6. Moreover, the degree is also defined on the spacesĒ AH andÊ AH in (4.53) and (4.55), and is independent of (m, α).
Computations of the Degree.
We conclude the paper with some computations of degΠ o for several interesting examples of 4-manifolds. In all cases, the evaluation of the degree is made possible by symmetry arguments, using Theorem 2.2 or 2.3.
Recall that if degΠ o = 0, then Π is surjective onto C o , and so any conformal class [γ] in C o on ∂M may be filled in to an AH Einstein metric g with conformal infinity [γ] . Of course, degΠ o = 0 does not imply that Π cannot be surjective.
We begin with the proof of Theorem B. 
and Π is not surjective.
Proof: As seed metric(s) in this case, we take the remarkable 1-parameter family of AdS Schwarzschild metrics, discussed in detail in [23] , cf. also [35] . Thus, on R 2 × S 2 , consider the metric It is easily seen that as m varies from 0 to ∞, r + varies monotonically from 0 to ∞. The metrics g m are isometrically distinct, for distinct values of m, and form a smooth curve in E AH , with conformal infinity given by the conformal class of the product metric γ m = S 1 (β)×S 2 (1). Notice however that the length β has a maximum value as m ranges over (0, ∞), namely Thus, the boundary map Π on the curve g m is a fold map, folding the ray m ∈ (0, ∞) onto the β-interval (0, β max ]. Hence Π restricted to the curve g m is a 2-1 map, except at the point g mo . The metric g mo is a critical point of Π, and, (as will be seen below), the tangent vector (dg m /dm) m=mo spans the L 2 kernel K gm o .
Next, we claim that the metrics g m are the only AH Einstein metrics on R 2 × S 2 with conformal infinity given by a product γ L = S 1 (L) × S 2 (1). The isometry group of (γ L ) contains G = SO(2) × SU (2) and by Theorem 2.2, any AH Einstein metric g L on M with boundary metric γ L has G acting effectively by isometries. As in (2.7), we may choose a geodesic defining function for g L so that g L has the form g L = ds 2 + g s , where g s is a curve of metrics on S 1 × S 2 invariant under the G-action. Thus, the Einstein metric g L has cohomogeneity 1. It then follows from the classification given in [28] for instance that the metric g L on R 2 × S 2 is isometric to g m , for some m = m(L).
A similar argument shows that the metrics g m , for m = m o are regular points of Π. For suppose there exists κ ∈ K = k gm . Then κ is the tangent vector to a curve σ(t) ∈ E AH with σ(0) = g m and Π * (κ) = 0, so that the boundary metric of σ(t) is fixed to first order in t. Theorem 2.2, or more precisely its proof, then shows that κ inherits the symmetries of g m , i.e. κ is G-invariant. Hence, κ is tangent to the curve g m , so that, without loss of generality, σ(t) = g m(t) . Since Π * ( and Π o is surjective.
Proof: As seed metrics in this situation, we take a family of hyperbolic metrics, namely the metrics H 4 (−1)/Z, where the Z-quotient is obtained by a hyperbolic or loxodromic translation of length L along a geodesic in H 4 (−1). The conformal infinity is the product metric S 1 (L) × S 2 (1) in the case of a hyperbolic translation, and the bent product metric S 1 (L) × α S 2 (1) on the same space when the translation is loxodromic; the angle α between the factors S 1 (L) and S 2 (1) corresponds to the loxodromic rotation. As in Proposition 6.2, any AH Einstein metric on S 1 × R 3 with boundary metric S 1 (L) × S 2 (1) has SO(2) × SU (2) acting effectively by isometries. Again, the classification in [28] implies that, on this manifold, the only such metrics are hyperbolic. Hence the result follows as in the proof of Theorem B.
Next, we turn to non-trivial disc bundles over S 2 . For the disc bundle of degree 1 over S 2 , i.e. M = CP 2 \ B 4 , with ∂M = S 3 , Corollary 6.1 implies that
Remark 6.4. Actually, to justify this statement one needs to remove the hypothesis (0.4), since in this situation H 2 (∂M ) does not surject onto H 2 (M ). Recall that (0.4) was only used to rule out orbifold degenerations in the proof of Theorem 3.7. However, it is possible to rule out orbifold degenerations in the case of sufficiently low Euler characteristic directly, without the use of (0.4). This situation was treated in [1] in the case of orbifold degenerations on compact manifolds, and the argument for AH metrics is almost exactly the same. Thus, we sketch the argument here, and refer to [1] for some further details. Let M be a disc bundle over S 2 , so that χ(M ) = 2, and let {g i } be a sequence of AH Einstein metrics on M which converge to an AH Einstein orbifold (X, g), with boundary metrics γ i converging in C m,α to the boundary metric γ for (X, g). For simplicity, we assume that X has only one orbifold singularity; the proof for more than one is the same. By (2.5), we have 1 
where the second integral is over the Ricci-flat ALE manifold (E, g ∞ ) attached to the orbifold singularity of X, cf. also the proof of Theorem 3.7. The formula (2.5) for Einstein orbifolds (X, g) gives 1 8π 2 X |W g | 2 = χ(X o ) + 1 |Γ| − 3 4π 2 V (g), where the orbifold singularity of X is C(S 3 /Γ), cf. [1, (6.2)]. A simple Mayer-Vietoris argument as following (3.31) implies χ(X o ) ≤ 1. Combining these estimates, one obtains 1
However, this contradicts [1, (6.5) ]. It follows that orbifold degenerations cannot occur when χ(M ) ≤ 2, and so the hypothesis (0.4) is not necessary when M is a disc bundle over S 2 .
Example 6.5. It is interesting to compare the result (6.9) with an explicit family of AH Einstein metrics on M = CP 2 \ B 4 , namely the AdS Taub-Bolt family, cf. [24] , [28] . This is a 1-parameter family of metrics given by g s = E s {(r 2 − 1)F −1 (r)dr 2 + (r 2 − 1) −1 F (r)(dτ + cos θdφ) 2 + (r 2 − 1)g S 2 (1) }, (6.10) where the parameters r, s satisfy r ≥ s and s > 2, the constant E s is given by 11) and the function F (r) = F s (r) is 
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The locus {r = s} is a round, totally geodesic 2-sphere, of area A s = 2 3 π(s − 2). These metrics are AH, with conformal infinity given by a Berger (or squashed) S 3 , with base S 2 (1), and Hopf fiber S 1 = S 1 (L) of length L = 2πE.
In analogy to (6.4)-(6.5), notice that E → 0 as s → 2 or s → ∞, and has a maximal value E max = (2 − √ 3)/3 at s = s o = 2 + √ 3. Note in particular that since E max < 1, the round metric S 3 (1) is not in Im Π(g s ) for any s. We see that on the curve g s , s ∈ (2, ∞), the boundary map Π has exactly the same 2-1 fold behavior as for the AdS Schwarzschild metric. The use of Theorem 2.2 as in Proposition 6.2 implies that Π is not surjective, and in fact the Berger spheres with Hopf fiber length L, for L > 2πE max are not in ImΠ.
In contrast, we have the following behavior on more twisted disc bundles over S 2 .
Proposition 6.6. Let M = M k be the disc bundle over S 2 , with Chern number k, |k| ≥ 2, so that ∂M = S 3 /Z k . Then 14) and Π o is surjective.
Proof: As seed metrics, we again use the AdS-Taub bolt metrics on M k , cf. again [24] , [28] . These have exactly the same form as (6.10)-(6.13), except that the parameter s satisfies s > 1, E s in (6.11) is replaced by E s,k of the form 15) and the period β for τ is given by β = 2π/k. For each k, these metrics are AH, and the conformal infinity on S 3 /Z k is given by the Berger metric, with, as before, Hopf circle fibers of length L = E s,k /k. Note however from (6.15) that now the function E s,k is a monotone decreasing function of s, as s increases from 1 to ∞. Hence, Π is 1-1 on this curve, and in particular, the metric g so, s o = k + (k 2 − 3) 1/2 has conformal infinity the constant curvature metric on S 3 /Z k . The symmetry argument using Theorem 2.2 as before, together with [28] , implies these metrics are the unique metrics with these boundary values. The metrics g s are regular points for Π, and so (6.14) follows.
Remark 6.7. We close the paper with some observations on whether the full boundary map Π : E AH → C might be surjective, or almost surjective, at least when degΠ o = 0.
First, recall from Corollaries 4.9 and 4.10 that both the extended mapΠ :Ē AH → C and the restricted map Π :Ê AH →Ĉ are proper. In this regard, it would be very interesting to know if the set of boundary values of AH Einstein metrics with cusps disconnects C or not, that is whether Π(∂Ē AH ) ⊂ C disconnects C, or whetherĈ = C \Π(∂Ē AH ) is path connected, (for instance ifΠ(∂Ē AH ) is of codimension at least 2). IfĈ is path connected, then the degree theory arguments of §5 and §6 hold without any change and give a well-defined degree degΠ on each component of E AH . In particular, if this holds and degΠ = 0, then Π is almost surjective, in that Π surjects ontoĈ.
On the other hand, ifΠ(∂Ē AH ) disconnects C, thenΠ(∂Ē AH ) represents a "wall", past which it may not be possible to fill in boundary metrics with AH Einstein metrics. This would be the case
